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AU | 4 ABSTRACT 

Topological methods may be employed in an effective manner in the 
analysis and design of a communication net. One application is in the 
determination of the reliability of the net with respect to both 
complete communication and k-terminal communication. The effect on this 
reliability caused by the removal of one link is studied. 

The k-terminal reliability function is defined and its application 
to analysis and design of communication nets is demonstrated. A digital 
computer program is presented, and examples of its use are included. 


A formula is given to find the value of the 2-terminal function. 
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D Introduction. 

Any system that provides for communication, be it the transmission 
of information or the transportation of commodities, ís subject to pos- 
sible failure. The loss of security, the malfunction of a radio trans- 
mitter, and the destruction of a bridge are examples of this failure. 
Linear graph theory, as described in texts such as [5], has been ap- 
plied to measure the reliability of the system given some measure of the 
reliability of the parts. Fu and Yau, [4], have indicated a value for 
the probability that two stations can communicate; and a digital computer 
algorithm for this has been given, [6]. The probability that all pairs 
of stations can communicate within a given time interval has been studied 
by Chan, [2], and Fu, [3]. 

In this work the application of the k-terminal reliability function, 
to be defined in Section 3, is presented, and a digital computer pro- 
gram is included. In addition, the application of the power of this 
function without computer assistance is demonstrated. A formula is given 
to find the value of the 2-terminal reliability function without enumer- 


ating the Table of Combinations. 


25 Statement of the Problem. 

À communication net may be represented by a linear graph in which 
the edges of the graph represent the communication links, and the nodes 
of the graph represent the stations of the communication net. 

A weight can be assigned to each edge of the graph to indicate the 
probability that the particular communication link represented by the 
edge will operate successfully. This weight is called the reliability 
of that edge. This probability is not a conditional probability. Each 
edge is assumed to be associated with an independent random variable, 
having only two possible states: normal operation, and not operational. 

The communication net can be analyzed by studying the topology of 
the graph. Topological methods can be applied on several different 
problems. For example, if one link of a communication net has been lost 
(destroyed), it must be decided whether or not to replace this link with 
one of the other existing links in the net. The information needed to 
make this decision must include the relative importance of each link, 
some measure of the quality of the branch (e.g., its reliability), and 
the role of the branch in the net. Тһе analysis of the data must іп- 
clude the degree of importance attached to the overall net reliability 
as contrasted to the reliability of communication between a pair or a 
group of terminals. 

Several investigators, [3], [4], [6], have proposed quantitative 
measures for the reliability of a communication net. Investigations by 
Chan [2], have led to a result which uses the reliability function as a 
k-terminal reliability function. This function may be applied to the 
reliability of communication between any k-number of nodes. The topo- 


logical methods which are used to generate the function are suitable 


for use on a digital computer. Тһе large storage requirement is the 


limiting factor in their application. 


a Properties of Reliability Functions. 
3.1 2-terminal Reliability Function. 
The reliability function is defined in reference [2]. Some of 
the most important definitions are included here for ready reference and 
emphasis. Using the notation of [2], there is a value of reliability, 


ЗА assigned to each of the edges of the graph, е 


SE о PEE к? 


е. Each branch of the net is assumed to be associated with an in- 


P4» Ро»: 


dependent random variable. If the branch, b is operational, the edge, 


j ° 
е,» of the graph assumes the value Р;› which is the probability that 

edge, ei» will operate normally. If the branch is not operational, the 
edge, e,, assumes the value Ра» which is the probability that the edge, 
S will not be operational. Although these reliabilities are probabili- 


ties, they are considered not to be conditional probabilities. That is, 


we have the following relations: 


D: * p, - 1 (3.1) 
Pr (A and B) = Pr(A)Pr(B) (3.2) 


Definition 3.1: 2-terminal Reliability Function: 


A reliability function expressed in terms of the edge reliabilities of 
a network is a 2-terminal reliability function if it represents the 
reliability between two distinct terminals (ї.е., the probability of 
communication between these two terminals). 

Let uy represent the 2-terminal reliability function between 
terminals x and y. Then we have 


q. y ~ Зове + По о“ • pe gps n прев Ро pa (3.3) 
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where mj, mo,...m,, eMe are either 1 or 0 depending on whether the com- 
bination of states of the edges provide a communication path between ter- 
minals x and y. If the path exists, then m, = L; iL Тт m = 0. When 


the function is expressed as in equation (3.3), it is said to be in its 


canonical form. 


Definition 3.2: Path Product. 
A path set is a set of branches of a communication path between a 
pair of terminals. A path product is the product of the variables 


associated with the elements in a path set. 


Definition 3.3: Path Product Term or Primary Path Product Term. 


A canonical term is a path product term if 
(1) its unbarred variables are those of a path product;and 


(2) all other variables in the term are barred variables. 


Definition 3.4: Secondary Path Product Term. 


A canonical term is a secondary path product term if its unbarred 
variables correspond to those elements forming a path set plus one or 


more not in the path set. 


Definition 3.5: Table of Combinations. 
The collection of all nonzero canonical terms of a 2-terminal 
reliability function is called the Table of Combinations. That is, 


all the terms in which m; takes on the value 1. 


Definition 3.6: k-edged Path. 
A k-edged path is a path of k number of edges or branches which 


constitute a communication path between a pair of terminals. 


үз 


Theorem 3.1: 


Let РА be an A-edged path between terminals x and y, in a graph 


containing e number of edges. The Table of Combinations for the 2- 
terminal reliability function, q. ag will include a primary path product 


2(е-А) 


term for path P,, and -1 secondary path terms. 


A 


Proof: 

From definition (3.3) and (3.5) мее primary path product term 
must be present. There are ; (е-А) possible combinations of the (e-A) 
variables not specified by the primary term. However, definieron (3.4) 
requires the number of unbarred variables to be at least (A+1). There- 
fore, the maximum possible number of combinations is 2(6-А) 1) 

If а graph contains e number of edges and n number of vertices, then 
definition (3.1) indicates that there will be 2° number of terms in the 
2-terminal reliability function. Theorem (3.1) indicates that one path 


(e-A) 


of A number of edges will produce 2 terms in the Table of Combina- 


tions. This is the same as saying that, from definition (3.1), m, will 


(e-A) 


be nonzero in 2 terms of the 2-terminal reliability function. 


Lemma 3.1: 
If no path exists between two terminals x and y, then the 2-ter- 


minal reliability function will have mno nonzero terms. 


Proof: 


By definition (3.1) all the m. values will be zero, since there is 


i 
no path between terminals x and y. There will be no entries in the Table 


of Combinations. 
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Theorem 3.2: 
If a graph contains e number of edges and n number of vertices, and 
if an A-edged path is the only path between vertices x and y, then there 


will be 2 (e-A) number of terms in the 2-terminal relíability function, 


у 


Proof: 


(е-А) number of terms for the А- 


By theorem (3.1) there will be 2 
edged path. Since there are no more paths, lemma (3.1) shows there will 


be no additional terms. Hence, the theorem. 


Theorem 3.3: 
Let РА be an A-edged path and Pa а B-edged path, each between ter- 
minals x and y, in a graph containing e number of edges. The primary 


path product term of path set A can not be a secondary path product term 


for path set B in q, y 
> 


Proof: 
The unbarred elements in the secondary path product terms must ap- 
pear as barred elements in the primary path product term of the path set 


A, by definition (3.3). Hence, the theorem. 


Theorem 3.4: 
Let РА апа P, be path sets between terminals x and y. Then at 
least one secondary path product term for path set A will be identical 


to one for path set B. 


Proof: 
From definition (3.4), the collection of secondary path product terms 


for any path set will include the case where all variables are unbarred. 
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This will be common to all collections of secondary path product terms. 


Hence, there will always be this term present. 


Example ТУІ: 


Path Set A Р, - ђе 


= е 
Path Set BP, fe, À 





(=? à 2 


Figure E 


2-terminal reliability function, 4, y e2pnesssd in canonical form: 
2 


day = турур. + (7) (10) 
m PPP + (8) 
mP} PoP + (9) 
m,P,P5P3 + (2) (11) 


MP1 PoP3 + (1) 


РР Ра + (3) (12) 
MP,PoP, + (4) (13) 
МАДА (5) (6) (14) 


(1) primary path product term for path set A 

(2) primary path product term for path set B 

(3)(4)(5) secondary path product terms for path set A 

(6) secondary path product term for path set B 
observe that (5) and (6) are identical 


(7) (8) (9) m 


і terms are 0 because terms do not contain a path 
between terminals x and y 

(10) this term will always be zero 

(11)(12)(13) a tree of the graph is made up of the unbarred 


terms 
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(14) a tree plus a chord of the graph is made up by the un- 


barred terms 


3.2 Multi-terminal Reliability Function. 

Reliability functions, which are expressed in terms of the edge 
reliabilities, may be derived in order to represent the reliability of 
transmission between more than two terminals. Thinking of a communica- 
tion net, one can envision a classification of the terminals into the 
categories of transmitter, receiver, or both, and repeaters. The re- 
peaters may be looked upon as intermediate steps in the communication 
paths. All of this may enter into an evaluation of the reliability of 


simultaneous communication between all pairs of terminals. 


Definition 3.7: Complete Communication. 


The event that every pair of terminals x and y in a net can communi- 
cate with each other simultaneously is complete communication; the simul- 


taneous communication between all pairs of terminals of the net. 


Definition 3.8: N-terminal Reliability. 


The probability of complete communication in a net with N-terminals 


is called the "N-terminal reliability" of the net and is denoted by q ' 


Definition 3.9: k-terminal Reliability. 


In a set of n number of terminals, consider k number of terminals 
of transmission, where k < n. Then, the probability of complete com- 
munication among the set of k number of terminals is called the k-ter- 
minal reliability of the net and is denoted by q): 

From definitions (3.7) and (3.9), a net may have several differ- 
ent values of k-terminal reliability depending on which terminals are 


included in the set of k number of terminals of transmission. The 
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choice of terminals included іп this set is of fundamental importance 
in the interpretation of the analysis or data collection. 

For a given net, q is found in the following way: first determine 
q for each pair of vertices. There will be 4(n)(n-1) for a net with 

5 
n number of terminals. Then sum all the canonical terms which are common 
to all Т5 functions. То find Q, find qe for each pair of terminals 
in the set, K. There will be 4(k)(k-1) number. Then sum all the canoni- 
cal terms common to all these 8 functions. 

Another method is first to determine a complete set of trees for the 
net. Complete communication is possible if and only if the unbarred vari- 
ables of a canonical term include those corresponding to the branches of 
a tree. By taking the sum of all canonical terms that contain a tree, 
or a tree plus chords, made up from the unbarred variables, d, is deter- 
mined. If the terms which are summed contain a subtree of the graph, or 
a subtree plus chords, containing all the vertices of the set K, the 4, 
is determined. This method can be applied on the canonical form result- 


ing after the first q. ; calculation. This can reduce the labor required 
9 


to find 44 9:4, provided all the trees of the graph are known. 





2 Path set Po = је 
Path set P, = је e. t 
Path set Р. = бе, 
Á 75 7 Path set РЬ = еге; | 
Figure 3.1 repeated 
Part A Part B 


MiP1P2P3 m PPR + 


Чу „г 


Ж 


Шораға» mjP1P2P, * (D 
er ae С m3P1P)P, + 
п/Рүр,ру % (3) (7) п,Рүр,ру + (3) (7) 
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mSP,P5P4 * PBP t 


пер, Ра CZCS) MeP1P2Pa + (4) (8) 
MP,P»P3 + (4) (9) п.рур,Рз + (2) (9) 
пар РР (5) (6) (10) АЛА (5) (6) (10) 


(1) Primary path product term for path set C and E. 

(2) Primary path product term for path set D and F. 

(3)(4) (5) Secondary path product term for path set C and E. 
(6) Secondary path product term for path set D and F. 

(7) (8)(9) (10) make up a tree, or a tree plus a chord, of 


the graph, made up of the unbarred terms, 
Example 3.3 


Number of trees, t 





(w es 
„” 4 


- 


Figure 3.1 repeated 


The 3 trees of the graph are: 


еле, { 8 | eje, t ч {езе ў 
Using the results of examples (3.2) and (3.1), we have 
dus "nz BP ODE 
т6Р РР + 
mjPjPjP, * 
иа 
by the process of summing the canonical terms in common. From example 


(3.1) alone, or (3.2) part (a) alone or part (b) alone, the same results 
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could have been obtained using the method of trees. 
In this simple example, for any set of terminals of transmission 
less than the given set, the problem reduces to one of the examples, 


since it becomes a 2-terminal reliability problem. 


3.2 Some Characteristics of the Path Product Terms. 

A graph contains 5 edges. A matrix can be constructed in which the 
elments are the number of path product terms that contain U number of un- 
barred variables compared to the L number of edges in the path. 

Number of unbarred variables 


1 2 5 4 5 
Path Length 


4 0 0 0 1 1 
з 0 0 1 2 1 
2 0 1 3 3 1 
1 1 4 6 4 1 


The number of path product terms 
This array is recognized as the start of Pascal's Triangle. See 
reference [1]. The nonzero matrix elements are the so called binary 


coefficients, defined by the formula 


n n | 


(3.4) 


j j :(n-j): 
where, in this case, n = (e-A), and A is the path length, and j = O, 
1,2,..., (е-А). 
If all the branches of the net have the same reliability, p, then 
the collection of all path product terms resulting from an A-edged path, 


in a graph with e edges, can be written as follows: 
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(=) Љубена) , (5%) emen Ыр 5 3 


A ape -А 
— cm) m X ) (с = (3.5) 
е-А 
> ағ. 
i = 0 


where K(i) is the collection of the binary coefficients defined by the 
formula 


e-A n! 
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Examples (3.1) and (3.2) illustrate the generation of the primary and 
secondary path product terms. Theorem (3.4) points out that there will 
always be at least one of the secondary path product terms common to 
the expansions generated from two or more path sets is a 2-terminal re- 
liability function. Theorem (3.3) proves that the primary path product 
term is never a secondary path product term for another path in the 2- 
terminal reliability function; that is, it is not one of the duplicate 
terms. The exact number of unique terms added to this function is a 
problem in conditional probability. The following group of theorems is 
fundamental to the solution of this problem. 

The theorems and lemmae in this section are subjected to the follow- 
ing conditions: a graph contains e number of edges and n number of verti- 
ces. Path set, m ще is a l-edged path set between terminals x and у, 


made up of branch b, alone. 
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Theorem 3.5: 


No multi-edged path between terminals x and y may contain branch b. 


Proof: 


By definition (3.2) a path set is a set of branches of a communica- 
tion path between a pair of termunals. No additional branches are in- 
cluded in the path set. Hence, since branch b is a path by itself, any 
set that is made up of branch b and one or more additional branches can- 
not be a path set between terminals x and y. Definition (3.6) of a k- 
edged path allows the conclusion that no multi-edged path between ter- 


minals x and y contain branch b. 


Lemma 3.2: 
There can be no primary path product term in which branch b ap- 
pears as an unbarred variable in the 2-terminal reliability function, 


ioe except path set ШЕ 


Proof: 
Lemma (3.2) follows immediately from theorem (3.5) and definition 


(973)€ 


Lemma 3.3: 
There can be no secondary path product terms generated from any 
path between x and y in which branch b appears as an unbarred variable 


except path set Р, " 


Proof: 


This lemma follows directly from theorem (3.5) and definition (3.4). 
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Тһеогеп 3.6: 


Let path set, P » be an A-edged path set between terminals x 


(e-A-1) 


2 ,ху 


and y. This path will generate 2 secondary terms that are dupli- 


cates of those generated by M 


Proof: 
The number of possible unique combinations of the (е-А) number of 
barred variables has decreased by a factor of 2 because the l-edged 


(e-1) 


path, P , has previously formed 2 combinations of the same vari- 


1,ху 
ables. Only those in which the variable b appears as a barred variable 


(e-A-1) 


remain ungenerated. That number is 2 There were pier possible, 


(e-A-1) (e-A-1) 


but now only 2 , meaning that 2 were duplicates. 
Investigations have shown that the number of duplicates generated 
among all the path product terms are arranged in correspondence with the 
binary coefficients. That is, if there are eight duplicated generated, 
there will be a 1-3-3-1 distribution, based on the number of unbarred 
variables in the path. If there are D number of duplicates, then the 


distribution will be as given by 


Db. bt "s 
B 2 ae (D- j) 3 Ge 0, Те 


The number of unique path product terms that are generated by 
each path set, Pi in the 2-terminal reliability function, T can 
be found by the following method. 

a) Write the path matrix, order (p x e), where p is the 
number of path sets between terminals x and y, and 
e number of edges in the graph. 

b) Rearrange the rows such that the shortest path is row #1, 


the next shortest is row #2, and so forth, until the last 
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row contains the longest path. 

c) Count the number of columns in the row in which there is 
no entry in any of the preceeding rows. For example, 
this number will be (e-k) for the first row. This num- 
ber may be zero. Call this number п,. 

d) Calculate 291, This result is the number of unique path 
product terms generated by the path set in the 2-terminal 
reliability function. 

The total number of terms in the Table of Combinations is the sum 
of the results of step (d) above. It is seen that if п, is zero, that 
one term is still added to the Table of Combinations by the path, which 
agrees with Theorem (3.3). If there is only one path, then there will 
be 2(е-Е) number of terms which agrees with Theorem (3.2). Further 


statements which tend to prove the validity of this method follow the 


presentation of this example. 


Example 3.4: 


^c 






The paths between vertices A and B: 


Q4 
2 безе, ў 5 jest ‚$еуе е, { 


6 af 
Figure 3.2 


Path Matrix: 


edges: 1 2 3 4 5 
paths: 1 1 0 0 0 1 
2 0 0 1 0 0 

3 1 1 0 1 0 
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After rearranging, the path matrix becomes: 


edges: 1 2 3 4 5 
paths: 2 0 0 1 0 0 
1 1 0 0 0 1 
3 1 1 0 1 0 


Counting the number of columns in each row in which there is no entry 


in that column in any of the preceeding rows: 


З 


S 

paths: 2 4 

1 2 

3 0 

Calculating: 

2: 

paths: 2 16 

1 4 

3 1 


From definitions (3.1 - 5), there are established conditions which 
a collection of variables must meet in order to be an entry in the 
Table of Combinations. Looking at example (3.4), опе can see that path 
(2) will generate 24 unique terms. After they have been generated, path 
(1) generates a collection of 2? number of possible terms. All these in 
which edge (3) appears as an unbarred variable will be duplicates of 
those generated by path (1). This reduces the number of terms by a 
factor of 2, yielding the result: ida This can be understood from the 
concept of combinations; there were only 2 elements to be combined in 
2 different ways vice what had appeared to be 3 elements; i.e., 22 місе 


pit 
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The same argument holds for path (3). While there would appear 
to be 2 elements that can be varied, there are none which have not al- 
ready been varied. The fact that the primary path product term is unique 
itself is given in theorem (3.3). It is from this logic that the above 
stated procedure is derived. 

The knowledge of these numbers leads to a method to determine the 
value of the 2-terminal reliability function. With equation (3.5) in 
mind, a new equation can be written for each path set using the numbers, 


n., found by the above described procedure. Let P be a k-edged path 
i J 


3 


between terminals x and y in a graph with e number of edges. For this 


path, let п, =N. Then one can write 
N N 
= = = LN -(N-1) 
(Ее Е) СЕ Буто Е) Е rr +. 
0 1 
(3.6) 
+ | N-1]° ZEN sa Mr. 








where 





Jr is the value of all the path product terms added to the 
k 
Table of Combinations by the path, P 


x 
Where the first factor is the product of the k number of branch 

reliabilities associated with the branches in the path, ws the second 
factor is the product of the (e-k-N) number of complements of the branch 
reliabilities of the branches which have previously appeared as unbarred 
variables in other path product terms; the third factor is the summa- 
tion of all the path product terms in which N number of variables, associ- 
ated with the branches not in the path, LE and not previously speci- 


fied as being unbarred in other path product terms, appear as barred and 


unbarred elements. 


24 


However, the quantity inside the brackets is equal to one. This 
statement is true because the quantity inside the brackets is an applica- 
tion of the binomial theorem for two conditions: the branch reliabilities 
being all equal; and the branch reliabilities being not all equal. 

Case 1) Let all the branch reliabilities be equal to r. 
Then the quantity inside the brackets of equation 
(3.6) becomes 
(r m 
Since (r + Y) = 1, then (r +e = 1. 


Саве 2) Let the reliability of branch, b,, be given by г.“ 


1? 
Then the quantity inside the brackets of equation 
(3.6) may be rewritten: 

(r, + ri)(r, + r.) TED (ry + EN) = (1)(1)...(1) = 1 


Therefore, equation (3.6) can be rewritten 





(rr erro Get = lo P. (3.7) 
Тп the event all branch reliabilities are equal, 
Eg (Ce- k- B) а | Б (3.8) 


k 
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4, Topological Analysis of the Net. 

4.1 Collection of All Possible Path Sets. 

Fundamental to the analysis of any communication net is the 
knowledge of all possible paths between the terminals x and y. Since no 
path may be ignored, even in relatively small, simple nets, the task of 
finding all paths is a laborous task. Linear graph theory provides an 
efficient method to accomplish this task. 

Consider a graph with e number of edges and n number of vertices, 
and define a circuit to be a closed edge train. Then, the theory of 
topology has shown there to be (e - n + 1) = w number of independnet cir- 
cuits in the graph. These are called the fundamental circuit sets, and 


are denoted by B Any additional circuits that appear to exist in the 


Е" 
graph can be shown to be algebraically derived from the set of indepen- 
dent circuits. 

Next there must be built a collection of sets, called set B, which 
includes the null set, the W number of sets of Bes and the collection of 
all possible combinations of circuit sets, which are generated by the 


ringsum operation of two or more circuit sets in B The ringsum opera- 


Е 
tion is defined as modulo 2 addition of the respective column entries of 
the two sets. (See example; (4.2). The set B will contain 2° number of 
sets. 

A path set, DET is chosen, and expressed as a row matrix of e 
columns. Set B is represented in matrix form of order (w x e). The 
ringsum operation of га and each set in B produces a new set which is 
written in a collection of sets called set BRP. This is also in matrix 


form of order (и хе). Linear graph theory shows that the ringsum of a 


path set and a circuit set will be either a new path set or the disjoint 
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union of a path set and a circuit set. Now each entry in BRP must be 
examined to retain only the pure path sets, which are written in set PFC, 
also in matrix form of order (p x e), where p is the number of paths 
between x and y. 

One process of examining set BRP is to look at each entry first to 
see whether the original path set, Pay remains. If it does, and if 
there are other branches present, then it is not a pure path set and must 
be discarded. If it does not, then it must be ascertained whether any 
of the circuits of set B are included. If so, then it is not a pure path 
set. Those that remain are the pure path sets, and more importantly, 
all the path sets between terminals x and y. A block diagram of this 
procedure is given in figure (4.2). 

The ringsum operation is built into the computer program by means 
of three FORTRAN IV instructions. The block diagram for this operation 
is shown in figure (4.3). Example (4.1) shows the ringsum operation for 
the four possible cases. The parameters must be logical elements; that 


is, either True, or False, with a L bit representing True, and a O bit 


False. 

Example 4.1: 
A= 0 1 1 0 
В = 1 0 1 0 
С = 1 1 0 0 


The step-by-step computer program solution proceeds as follows: 


after step 1, C= 0 0 0 
after step 2, C= 1 1 1 
after step 3, C= 1 1 0 


The final results are identical. 
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Example 4.2: 


ы: - е = 5 
m = 4 
е; e. м=5 - 4+1=2 
| 2" 2 22 24 
Figure 4.1 | 


Circuit (1) fe, e, e À 
Circuit (2) је, е, Ж 
Set Be: 


edge number 1 2 3 4 5 
Circuit number 1 | 1 0 0 1 
2 10 0 1 1 1 Order (w x e = 2 x 5) 
Circuit (3) = е ере зе, § is derived algebrically by ringsum of 
circuit (1) and (2) as follows 


1 1 0 0 1 


0 0 1 1 1 


Choose РА В = ii 
Set B: 
edge number 1 2 
set number 1 0 0 0 0 0 


4 |1 1 1 1 O Order (2" x e = 4 x 5) 


PAB @ B = ВЕР 
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Set BRP = 


edge number 


set number 


Set PFC = 


edge number 


path number 


Paths are 


= 


29 


о [uw 


О yw 


0 


7 3-4 


Order o” x e = 4 x 5) 


Order (p x e = 3 x 5) 


| 


calculate 
(е-п+1) = м 


write w inde- 
pendent circuits 


sets in B 
š £ 


generate set B 
from the possi- 
ble combinations 


of sets in B. 


choose a path 


set, P 
x, 


Ringsum P 
х,у 
and B to obtain 


set BRP 










Find pure path 
sets in BRP; 

write them in 

set PFC 


Block Diagram of Process to Find All Paths 


Figure 4.2 
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C = False 


if 


КЎ 


if 


À d i rue 


Block Diagram of Ringsum Operation in Computer Program 


Figure 4.3 


4.2 Path Finding Program. 

A digital computer program can be devised to find all the paths 
between terminals x and y. The program discussed in Appendix (6) ac- 
complishes this task. (For further details, see that section). 

The generation of all possible combinations of the fundamental cir- 
cuit sets is an important step, and no one may be omitted. The method 
used by the program to find them all is the following: to count from 4 
to 7 in binary, one adds "100" to the binary numbers from O through 3. 
Similarly to count from 8 to 15, one adds "1000" to the binary numbers 
from 0 to 7. See example (4.2). This procedure guarantees that all 


possible combinations are obtained, because all numbers are obtained in 


the analogy. 


Example 4.3: 
Decimal Binary 
0 + 0 0 0 0 
1 = 0 0 0 1 
2 = 0 0 1 0 
3 = (РОН 1] 


to count from 4 to 7 in binary, add 100 to those numbers preceeding it. 


4 = 0 1 0 0 
5 = ӘРІ. о 1 
6 = 0 1 1 ж 
7 = Cae Low 
Similarly, from 8 to 15, add 1000 
8 = p. оо OTTO 
9 = 1 0 0 1 
10 = IL Ow] X 
11 = оет 
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Decimal Binary 


12 = лт Omo 
13 = es Q—] 
14 = 1 1 1 0 
15 s И" 1 I 


4.3 Branch Loading. 

When a communication net is analyzed, each link is examined in- 
dividually. In addition to the reliability of the link to perform its 
function, there is needed a measure of the relative importance of the 
link in the various modes of operation of the complete net. For example, 
the importance of a link may be different, if complete communication is 
required, than if only K-terminal communication is required. One such 
measure of relative importance of a link is called the load of a branch. 

Fu has defined the load of a branch to be the total number trees 
that contain this branch, [3]. As shown before, complete communication 
is possible only when the net contains at least a tree in the operational 
state. Since each branch is contained in one or more trees of the net, 
the number of trees that contain this branch can be found, and this number 
used to indicate the relative importance of the branch in complete com- 

munication. This number can be normalized, if desired, since the total 


load of all branches can be quickly calculated by a formula shown by Fu, 


n 
> li = (у - 1)Е 
1=1 


where 1. (i = 1, 2, ...,m) is the load of branch b, 


[3], #s 


in a network with v number of vertices, n branches, and t number 


of trees. 
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This method of branch loading determination can be extended to 
the k-terminal communication case by means of subtrees. However, branch 


loading can also be defined in another way. 


Definition 4.1: Branch Loading. 


The load of a branch, b: is defined to be the total number of paths 
(path sets) that contain this branch. 

A path set was defined to be a set of branches of a communication 
path between a pair of terminals. When complete communication is con- 
sidered, definition (4.1) makes use of all the paths between all pairs 
of terminals. This means that the numbers obtained for the various 
branch loadings will be larger than those obtained using the definition 
of Fu; however, the relative magnitudes will be the same. That is, the 
branch with the highest loading will be identified to be the same by 
either definition. The advantage of definition (4.1) lies in the simple 


way to evaluate rather than having to find the trees of the net. 


4,4 Path Length 

When a communication net is analyzed, all the paths between ter- 
minal pairs are found. The loading of the branches is measured. Now 
the paths themselves must be examined. The length of the communication 
path is of great significance. We know from experience that the more 
often data is handled, the greater the chance for error. This is con- 


firmed by this simple example. 


Example 4.4: 
Let p be the reliability of all branches, b,» and p€ 1. Then 


the reliability through one branch is p. The reliability of communica- 


tion through two branches is ( p x p) = Do through j number of branches: 
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pas Since p < 1, then pie р Кокта > 

This effect of path length appears directly in the 2-terminal re- 
liability function by means of the secondary path product terms. Section 
(4.6) discusses the effect of the secondary path product terms. See 


also section (5), Application of Ideas without the Aid of a Computer. 


4.5 Branch Reliability. 

Much work is currently being done by many investigators in the fields 
of Operations Research, Reliability, Non-Destructive Testing, and many 
others, to provide a high quality measurement of the reliability of a 
communication link. This work does not concern itself with the finding 
of this value of reliability. It must be pointed out, however, the signi- 
ficance of accuracy in this value and its effect on the interpretation 
. of the results. 

Results have shown that considering a net with e = 10 branches, and 
assuming all branch reliabilities to be equal to .90, the fourth signi- 
ficant figure has risen to the importance level of being the deciding fac- 


tor in net configuration. 


4,6 Secondary Path Product Terms. 

The secondary path product terms of definition (3.4) are not of 
secondary importance in the determination of the reliability function. 
As can be seen from example (3.1), the majority of nonzero canonical 
terms are secondary path product terms. The exact number of these terms 
was given in theorem (3.1), namely, for an A-edged path, there will be 
е». number of secondary path product terms. 

The theorems in this section are subjected to the following condi- 


tions: A graph contains e number of edges, and n number of vertices. 


The branch reliability, p. of branch b, is greater than its complement, 
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Pj» and is the same for all branches. 


Definition 4.2: Value of a path product tern. 


The value of a path product term is defined to be the product of 
the branch reliabilities of the unbarred variables and the complement 
of the branch reliabilities of the barred variables of the path pro- 
duct term. It is applicable to both primary and secondary path product 
terms. It always takes on a value less than one, since it is a product 


of numbers each less than one. 


Theorem 4.1: 
Any one of the secondary path product terms has a larger value than 
the primary path product term associated with it, for any A-edged path, 


Б : 
х,у 


Proof: 
The value of a primary path product term is determined using de- 
finitions (3.3) and (4.2) to be 


ae ‚ = (e-A) 


By definition (3.4) a secondary path product term must have at least 
one more unbarred variable than the primary term. Therefore, we write 


(A T a) = (e-A-a) 
Р e P 
where a is a positive integer, i.e., a > 1 
A  .-(e-A А +а -(е-А- 
Ie på, pA) <p Ata)  (e-A-a) 
a -(-а) 
Then 1 < p° , p 


Since P < p, 


Же А 5-A) & (A +a) — s(e-A-a) 
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Corollary 4.1: 


The sum of the values of the primary and all the secondary path 
product terms of a l-edged path is greater than that of any multi-edged 


path between the same terminals x and y. 


Proof: 
This Corollary follows directly from the theorem (4.1) by letting 


A be equal to 1. 


Theorem 4.2: 
The sum of the values of all the primary and all the secondary path 
product terms of an A-edged path is greater than that of an (A+a)-edged 


path, where a is any positive integer; i.e., a 2 1. 


Proof: 


Equation (3.5) can be written for an (Ata)-edged path. 


е-љ-а 
ЈУ с a -- 5. = din mene 
i = 0 
+ (Ажа+1) - (e-A-a-1) 552 (Ata+2) .(е-А-а-2) 
1 P P + р р (4.1) 
ar е-А-а „(е-1) si zi e-A-a sé 
е-А-а-1 е-А-а 


Comparing equation (4.1) to equation (3.5), we see that theorem (4.2) 
can be proved if it can be shown that, using definition (4.2), the value 
of equation (3.5) is greater than the value of equation (4.1). This can 
be done by showing that each coefficient of equation (4.1) is less than 


that of equation (3.5) for the corresponding power of p. 
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Consider the general term, i = j. If 


e-A-a (е-1)- е-А (e-j)- 
Ста P x < а-А-ј | Р 2 (4.2) 
then 
е-А-а е-А 
< (4.3) 
e-A-a-j e-A- j 
then | 
е-А-а) ! (4.4) 
(е-А-а- ]) ! (е-А-а(е-А-а- ј)) ! < 


(е-А)! 
(е-А- ј) !(е-А(е-А- ]ј)). 


then 


(e 






-À-a-1)(e-A-a-2). . . 


| 1) 
; < 
(е-А) (е-А-1) (е-А-2) . . . (е-А-ј 1) 


1. 





(4.5) 


There will be j number of terms in the numberator of both sides of 
equation (4.5), each term of which is greater than one. 
Since, 
e-A-a < е-А 
е-А-а-1 € е-А-1 


е-А-а-2 < е-А-2 


е-А-а-ј+1 < e-A-j+l 
Then equation (4.5) is true. From it equations (4.4), (4.3), and 


(4.2) follows, and the theorem is proved. 


38 


Example 4.5: 


The following tables are the numerical values of the 2-terminal 
reliability function discussed in examples (3.1 and 2). Let the branch 
reliabilities be all equal and have the reliability 0.9. Columns 3,4, 
and 5 are the values when one branch is removed from the graph. Column 
6 is the value of the 2-terminal reliability function if the specified 


branch has the reduced reliability as shovn. 


with all without without without with 


branches branch branch branch p,70.5 
present #1 #2 #3 
4, 5 .981 .81 .90 .90 .905 
а 4 ‚981 .90 81 .90 „905 
а .981 ‚90 . 90 .81 ‚905 


х,2 


The value of 4, .972 


Тһе ideas of section (3.3) can be used to find the value of the 
2-terminal reliability function in the cases of examples (3.1 and 2). 
Equation (3.8) is applicable in all the cases where the reliabilities 
of the branches are all equal; equation (3.7) where they are not all 
equal. 

In all of these examples there exists one l-edged path and one 


2-edged path. This means, using equation (3.8), 
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| ШП T = Рр - .9 z 9 








1 
о: 2 
|» = cr РФ - (9)09)0) = оа, 
The value of q is ‚981 
х,у 


Observe that this is the same result obtained in example (4.5). 
Using equation (3.7) the case of example (3.1) where the reliability 


of branch one has the reduced reliability, pres 0797 











Р, = гу = Р, = 25 = .5 
СТ à e E oe = 555 
2 299 1 24371 ° — 
The value of q is ‚905 
х,у 


Observe that this is the same value found in example (4.5). It is signi- 
ficant to observe that in this example, if branch two had the reduced re- 


liability, the effect on the value of q. и would not be as much. Consider 
3 


example (3.1), let branch two assume the reduced branch reliability, Py = 
.5, and calculate the value of the 2-terminal reliability function, q. ү! 
3 


using equation (3.7). 














Q " _ 2 а 
Р, гу Р, 59 9 
ies Sr pa Е 045 
2 231 23 T р ° ° ---- 
ТҺ 1 Е Р 
e value o 22; 945 


Observe that this value is higher than that one found in the case where 


branch one had the reduced reliability: .945 vice .905. 
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зи Application of Ideas without the Aid of a Computer 

Some of the ideas presented in the preceeding sections can be ap- 
plied, without the benefit of a computer, in the analysis of a communica- 
tion net to give rough, but fast, measurements of the properties of a 
net. The following subsections discuss important properties of the 
communication net which must be examined in the event a change in the 
construction of the net is required. For example, the commander of 
several communication systems may order that one link be removed from one 
system and be given to a second system. The effect on the system caused 
by the removal of a link can be studied qualitatively without the aid of 


a computer. 


5.1 Branch loading. 

If the graph of a communication net is simple or if sufficient time 
is available, all the paths of the net can be identified, and the load- 
ing of each branch can be found. Immediately this indicates that the 
branch which is used most often should not be given up, because all the 
paths using that branch are also given up. On the other hand, the light- 
est loaded branch may not be sacrificed in every case without additional 
examination of the topology of the graph. That branch could be the only 
connection to a terminal, and the destruction of this branch would iso- 
late the terminal. However, in certain conceivable situations, the price 
of isolation of a terminal may be acceptable, for example, security 
reasons. The full effect of branch loading on the decision to remove a 


branch must be tempered by additional factors. 


5.2 Path Length. 
Theorem (4.2) proves that long paths are not as reliable as shorter 


ones. Therefore, one must place a figure of merit on the communication 
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path in relation to its length. The removal of either one of two branches 
may still enable communication between stations; however, in one case 

the remaining paths are longer than in the other. Then, the choice would 
be to remove the one that would leave the shorterpath. This choice may 


be a poor one in light of the other factors which must be considered. 


5,3 Branch Reliability. 

Naturally the designer of a communication net will want to avoid the 
use of a branch with low reliability. And, if one link has to be removed, 
then that one of lowest reliability should be selected. However, this is 
not always true, especially when that branch is the only link to a cer- 
tain terminal. Again the price of isolation of that terminal may be ac- 
ceptable in a situation where security considerations are paramount. 
Likewise, the link of highest reliability may be chosen to be removed 
from the given net for use elsewhere, especially in cases where the 
branch loading is low and there exist other paths of communication of ac- 


ceptable reliability. 


5.4 Secondary Path Terms. 

The importance of the secondary path product terms has been stressed 
before. It is pointed out in this section that since they constitute 
the majority of terms in the 2-terminal reliability function, and they 
are inversely proportional in number to the length of path generating 
them, the loss of a short communication path is very costly in terms of 
reliability. 

The number of k-edged paths which will be lost when a given branch, 


b.» is removed can be predicted in certain cases. 
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Theorem 5.1: 


When branch, b,, is removed from a graph, one l-edged path will be 


Т? 
removed. 
Proof: 

There can be only one l-edged path between terminals x and y con- 


sisting of the branch bi alone. Removal of the branch, b,, results in 


i 
the removal of that path. 


Theorem 5.2: 

Let D. and D. be the degree of terminals x and y respectively. 
Let b, be a branch connecting terminals x and y. Let c be the number of 
additional branches connecting terminals x and y. Then the number of 2- 
edged paths between any pair of terminals, but using branch bi, that will 


be removed if branch b, 15 removed, is given by 


E D, - 22 -2) (5.1) 


Proof: 

The degree of a terminal is the number of edges incident to it. 
A 2-edged path using the branch, Ы.» must either start at terminal x 
and proceed through y, or start at terminal y and proceed through x. 
In the former case, there are Ge number of possible 2-edged paths 
minus the c number which would form a circuit, since they are connected 
to terminal x also. Similarly in the latter case, there are [ (D. -1)-c] 
number possible. The sum is N,: 


2 


2 D-tl-ctD -l-e 
y x 


= 
ii 


N, =D +D - 22 -2 
y x 
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с = 1, namely 5, 





Figure 5.1 
N, = 5 + 5 - 2(1) - 2 =6 
Namely, 


path sets i^i 54 ; j^ bs? ; DO ; D b, Š › Sob? , 
апа de, baf 


A rule which establishes a series of operations that indicates the 


Rule 5.1. 


number of 3-edged paths between any pair of terminals containing the 
branch, ЖЕ that will be removed if the branch, b, is removed. It is 
stated here without proof; however an example is given. 
Step #1 Starting at node x, proceed to the terminal of a branch 
incident to node x. 


Step #2 Call this node #l having degree D Let c be the number 


г 
of branches having terminals x and y, but not being branches, 
bi. Let di be the number of branches having node y and 


node i as terminals. Then 


+ = - - = ° 
D, + D, - 2 - c -24, = N, (5.2) 


Step #3 Proceed to all other nodes of the branches incident to 
node x, except the node y, of course. Repeat the calcu- 
lation of equation (5.2), adding the result to the pre- 


vious value of МА. 
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Step #4 


Example 5.2: 





Proceed to the terminals of the branches incident 

to node y and whose terminal nodes are not those 
previously numbered or node x. Count the number of 
branches which are not incident to x or y or the nodes 
previously numbered in steps (2) or (3). Add this 

3° N, is the 

number of 3-edged paths that will be removed if 


number of the previous value of N 


branch, bi is removed. 


16 


D. = 3 | 


e, 
| 
кз 


2 
3+6-2-1 - 2(1) = 


|= 


м 
7 


° 


N, =6 +4 = 10 
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D, = 2, d, = 1 


2+6 - 2-1 - 2(1) = 3 


= + = 3 
N, N, 10 3 13 
D, = 3 3 A = 1 


3+6 -2-1- 2(1) -4 


N, N, = 13 + 4 = 17 


Next node 5 where 2 branches qualify 


5.5 Number of Paths 

Theorem (3.3) proves that the primary path term will not be a 
duplicate of any entry in the Table of Combinations regardless of the 
number of paths that exist between terminals x and y. Therefore, each 
path will contribute some value, in the sense of definition (4.2), to 
the 2-terminal reliability function, q and its removal will deminish 
this value. 

An examination of the paths between terminals x and y alone is not 
sufficient when n-terminal reliability is concerned. What may appear to 
be an expendable path between terminals x and y, may be a vital path 
between two other terminals. 

While a large number of paths between the terminals of considera- 
tion indicates that the loss of one path would not cause isolation, the 
length of the paths may be such as to result in low reliability. А11 
the factors mentioned previously continue to apply even when there are a 
large number of paths. This is also true when there are a small number 


of paths. 
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5.6 Addition of a branch. 

The addition of one branch to a graph is equivalent to the addi- 
tion of one communication link to a net. This can be viewed as a de- 
sign problem in which there are eight cases to be studied: 

What should the second branch terminal be, if the given objective 
is to: 


the first branch terminal is 
required to be: 


maximize Lay (1) terminal x 
(2) terminal a, not x or y 
(3) optional 

maximize 4, (4) terminal a in set k 
(5) terminal a not in set k 
(6) optional 

maximize q_ (7) terminal x 
(8) optional 


These eight cases can lead to many more if the reliability of the branch 
to be added and the reliabilities of the other branches are permitted to 
change. The following discussion of the above cases assumes that all 


branch reliabilities are the same, and equal p. 


Case (1): 

Corollary (4.1) specifies terminal y as the second branch terminal. 
Case (2): 

Find all the paths between terminals x and a, and y and a. Choose 
terminal x or y depending on which has the fewer paths to terminal a. 
This will provide the most paths, with the fewest branches, between x 


and y. 
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Саве (3): 

Corollary (4.1) specifies the selection of terminals x and y. 
Case (4): 

Find all the paths between all the pairs of terminals of set k. If 
any one pair has an unusually small number, examine the topology of the 
graph in light of sections (5.1-4). Base the selection on the unusual 
topology. Do the same thing in the event one pair has an unusually large 
number of paths between them. Otherwise, locate the terminal that has 
the most number of paths to terminal a. Select this as the second ter- 
minal for the branch to be added. This choice will add one l-edged path, 
but also the maximum number of 2- and 3-edged paths between the other 
terminals in the set k. This will increase the value of dk the most. 
Case (5): 

Find all the paths between all the pairs of terminals of set k and 
terminal a. Examine the topology of the graph in light of sections (5.1- 
5). Especially, look for vertices of degree one or two. Unusual con- 
figurations must be solved in this manner. Otherwise, select as the 
second terminal that one in set k that has the largest number of paths to 
terminal a. See Case (4). 

Case (6): 

Find all the paths between all the terminal pairs in set k. Choose 
as the terminals of the branch to be added those between which there al- 
ready exist the largest number of paths. This will not be true if an 
examination of the topology reveals an unusual nature to the net. See 
Case (4). 

Case (7): 
Find all the paths between all the terminals of the graph and ter- 


minal x. Examine the topology of the graph. If nothing extradorinary 
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appears, choose as the second terminal for the branch to be added that 
terminal which already has the most paths to terminal x. 
Case (8): 

Find ali the paths between ail the terminal pairs of the graph. 
Study the topology of the net. Choose the terminal pair between which 
there already exist the largest number of paths. 

If there exist a large number of paths between two terminals of a 
graph, the paths are usually of long length. This means that they rely 
on many other branches, and so are of low reliability. The adding of a 
l-edged path between these terminals immediately increases the 2-termin- 
al reliability between them, and Sige provides an increase in the number 
of 2-edged paths between other pairs of terminals. In fact, it increases 
the number of alii k-edged paths. Since there were ali those paths in 
existence, the accessibility of the new branch by the other terminals 
produces a maximum number of paths between all terminais. 

Lemma (3.1) shows that an isolated terminal, I, wiil cause both 
the 2- and the n-terminal reliability function to be zero. When an 
isolated terminal exists, clearly the topology of the graph is unusual. 
The isolated terminal must be selected as the second terminal for the 
branch to be added in each case that the terminal I is in the set k. 
This statement covers aii the cases since the set k includes all situa- 


tions from 2 to n number of terminals. 


Example 5.3: 


Three illustrations of a 2-terminal reliability function are 


discussed for the graph of figure (5.3): q All the 


af’ % g’ de.g' 


branch reliabilities are equal, p = .9. 
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G: 
5.3 


© Figure 
with all without without without 
branches branches branches branches 
present #3 #6 #9 
1 .9859 .9685 .9755 .9750 
. 9940 .9621 . 9922 . 9897 
ЗЬ, р 
а ‚9963 .9854 .9937 .9830 
с,в6 
Branch Loading: 
Branch number: 1 2 3 4 5 6 7 8 910 
q. £ Branch load: 64 4 4 4 3 5 3 & & 10 paths 
4, = а 20 0054 (2 У | pati 
4 3 4 3 4 3 4 3 3 3 3 9 paths 
EOS Total loading: 10 11 11 11 10 10 11 10 10 8 


In the illustrations given, branch £3 is not the one to be removed. 


However, branch #10 should not be 


node A to rely completely on branch #1 for communication. 


removed either because this would cause 


The low level 


of branch loading for branch #10 indicated that it is ineffectively 


connected, not that it can be sacrificed. 


50 


6. Digital Computer Program. 

6.1 Program Specifications. 

A digital computer program has been written in the FORTRAN IV 

Language suitable for use on the IBM System 360 computer complex. The 
primary purpose of the program is to compute the 2-terminal reliability 
function, d. у: This program is included as Appendix I . The func- 
tional block diagram, figures (6.1), (6.2) and (6.3) is fully explained 
in section (6.2). 

The capabilities of the program go beyond the computation of the 2- 


terminal reliability function, q. = 


After finding „=, the program 
can calculate its numerical value; then, it can recalculate it under 

the condition that a branch of the graph has been removed, and that a 
branch has a different value of reliability. (See options, Section 
6.1.1.) After the second and any succeeding runs, (a run is defined as 
the computation of one 2-terminal reliability function,)q,, where k is 
the set of terminal pairs of the preceeding runs, can be computed, and 
its numerical value found. In finding n all path sets between 
terminal pairs are found; this information is given as a preliminary out- 


put. 


6.1.1 Input 
The input required by the computer program consists of three types: 
(1) The number of edges, and the number of vertices of the graph 
are the first data required. The number of fundamental circuits is cal- 
culated from this data using the relation: 
(e - n + 1) = w 
Also on the first data card, the option SEL1 is provided which, if used, 


enables the branch reliabilities to be input. This will allow the 


2 


calculation of the numerical value of d. y? and later, the numerical 
value of x? if requested. 
(2) The w number of fundamental circuits are the next input 
data. If the branch reliabilities are to be used, they are read in next. 
(3) The data required by each run is read next. This data 
consists of three main parts: 
a) the terminal vertices (numbe red) ; 
b) one path between these vertices; 
c) option selections: 
1) SEL - additional runs will follow 
2) SEL2 - find dk 
3) SEIA - calculate the numerical value 
4) SEL5 - of d a with the specified branch 
5) SEL6 - having been removed from the graph 
6) SEL7 - calculate Uu using the specified value 
of branch reliability for the specified 
branch 
Precise details of the format for the data cards are provided in sec- 


tion (6.3), 


6.1.2 Output. 

The output provided by the computer program is fully labelled for 
easy reading. All the input data is printed with the generated data to 
provide a complete record of the run. The output of generated data in- 
clude: 

1) Table of Combinations; 
2) path matrix; 


3) branch loading information; 
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4) number of k-edged paths; 

5) numerical values of Чам апа q, • 
At the conclusion of the computer program, a summary of the branch load- 
ing and the number of k-edged paths is printed. A message explaining 


the error stop is printed as necessary. 


6.1.3 Theoretical Limitations. 

In its present form, the computer program is limited to a graph 
containing no more than 15 edges, or 10 nodes, or 10 fundamental cir- 
cuits. There must be at least one circuit in the graph. Other limita- 
tions include a maximum of 4000 entries in the Table of Combinations for 
all runs, and a maximum of 210 runs. Тһе reason for these limits is the 
storage requirement, especially that for the Table of Combinations. Dif- 
ferent programming techniques might be able to increase these limits 
slightly. The fact remains that the powers of 2 increase very rapidly, 


regardless of the programming technique. 


6.2 Block Diagram. 

The functional block diagram, figures (6.1,2 and 3), is presented 
to give a better description of the operation of the computer program. 
The blocks are identified in the listing of the computer program, Ap- 


pendix I. 
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Initialize 


Computer 





Read 
Input 










Pheck 
size 
limits 






Convert to 


5 


Logical bytes 
| Фф Read Branch 


22 
rror 
Stops 


reliabilities 


Figure 6.1 
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Initialize con- 
Stants for run 







Initialize con- 
stants (rerun) 


Read input for 
run 


Convert to 


logical bytes 


Build combina- 


tion matrix, 
BFC 





11 
Ringsum 


РЕС @® ВЕС 


12 


Write original 
path in PFC 
13 


Generate the 


path product 
terms 





Print out 
path 
product 
terms 







15 






find 
pure path 
sets 







16 


Generate path 
product terms 








17 


unique terms 





18 
Printout 
path 
products 
terms 








Figure 6.2 
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19 

Printout 
path set 
matrix 









27 


4, А 


21 
Find 
| q, 


Printout 
26 
Evaluate 4, 











Summary 


Evaluate 
de? 


Figure 6.3 
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Description of Block Diagram 


Block 0: 


Block 


Block 2: 


Block 


Block 4: 


Block 5: 


Block 6: 


Block 7: 


Block 8: 


Block 9: 


Block 


Block 


ire 


2% 


10 


11 


12 


Block : 


13 


Block : 


14: 


Block 


Block 


D. 


Control cards and dimension and format statements are required 
to prepare the computer for running. 

Input data are read including number of branches and nodes, 
and the fundamental circuits. 

Graph size is tested to be within program limits. 

Input data is converted to logical elements to facilitate 
faster calculation. 

If branch reliabilities are to be used, they are read in 
now into DREL matrix. 

Preliminary printouts are made for more complete data refer- 
ence for the final output. 

Values required for first run of the program are set. 

Values required for succeeding runs are set. 

Data required for the run is read including terminals and 
path. 

Path data is converted to logical elements, and a storage 
area prepared for later use. 

All possible combinations of the given circuits are generated 
and stored in matrix BFC. 

The ringsum operation is performed on the given path and 
each entry in matrix BFC, and the result is written in BRP. 
The original path is written into the path matrix, PFC. 

The primary and all the secondary path product terms are 
generated into OPC. 

The path product terms are printed out. 


Matrix BRP is searched for pure path sets. 
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Block 


Block 


16 


17 


ee 


18: 


Block 


Block 


Block 


Block 


19 


20 


21 


Block 


Block 


22: 


23 


24: 


Block 


Block 


75: 


26: 


Block 


Block 


27: 


The primary and secondary path product terms are generated 
for the newly formed path set, and written into QTEMP. 
Each entry in QTEMP is compared to all entries in ОРС. 

If a duplicate is not found, the set from QTEMP is written 
in QPC. 

Those sets added to QPC are printed out. The number of 
entries in QPC and the amber in PFC are printed. 

The path matrix, PFC, is printed out. 


~ 


The various OPTIONS are examined. If 0, j or Q are to be 
n 


; 
found,transfer is made; if another run it to be made, trans- 
fer is accomplished. 

Before stopping, a summary is printed out including branch 
loading, number of paths between each node, and path length. 
Error stops are provided. 

Generate matrix Си from path product terms common to the first 


2 q, ç matrices. 


Generate matrix Q from the previous Q. and the newly formed 
m 


. for this run. 
"tod 


Print out matrix E 
If the branch reliabilities are provided, determine the value 


of Q ° Transfer control to block 20 to check optíons. 


If the branch reliabilities are provided, determine the value 


of q, Examine the options SEL4, SEL5, SEL6, and determine 


j 


the value of d; j without the specified branch J. Examine 


option SEL7, and compute the value of 4, j with the revised 


, 


value of branch reliability. Transfer control to block 20 to 


check other options. 
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6.3 Data Card Configuration. 
The following is a description of the data cards required for the 


running of the computer program as described in section (6). 


Data Card Description 
Type Number: Columns: and specifications: 
1 1 -3 Number of edges, right justified; 
max: 15 
4 - 6 Number of nodes, right justified; 
max: 10 
7 - 9 If 0 or Blank: no branch reliabilities 


are to be used; if nonzero: branch 
reliabilities are to be read and used. 


10 - 72 Disregarded. 


2 1 - 15 Fundamental circuit set: 
Up to 15 digits, 0 or l, left 
justified, representing the edges in 
the circuit; 
l if edge present 


O if edge not present 


15 = /2 Disregarded. 
3 1 - 5 Blank 
6 - 13 Decimal point and 7 digits to represent 
14 - 21 the branch reliability of the succes- 
22 - 29 sive branches 1, 2, . . . , e 
30 - 37 One field for each edge. Up to five 
38 - 45 edges per card. 
46 - 72 Disregarded. 
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Туре Number: 


Columns: 


107-212 


poe 7 


28 - 30 


317-293 


34 - 37 


38 - 40 


Description 


and Specifications: 


Identifying number of starting node 
Identifying number of terminal node 
if 0, no more cards will be read; 
if not 0, additional cards read. 


if nonzero, will be computed using 


“қ 
the previously found di j's from all 
previous runs as the set k; if 0, 
then this is not done. ` 

left justified, up to 15 digits, 

O to 1, representing the edges in a 
path between the subject terminals; 

O if edge not present 

1 if edge present 

only e number of digits processed 

an integer, less than or equal to e, 
representing an edge that has been 
removed from the ргарһ. А value for 
di 3 is found assuming that edge is 
removed from the graph. 

another edge number processed as that 
on in the preceeding field. 

Same as above 

An edge number whose value of branch 
reliability it is desired to change 


temporarily, and recompute di j with 
, 


the new value of reliability. 


60 


Description 


Type Number: Columns: and Specifications: 
41 - 48 A decimal point and 7 digits represent- 


the branch reliability of the edge 


specified in the preceeding field. 
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7. Conclusions. 

This work shows that the reliability function as defined is an ef- 
fective instrument in the analysis and design of communication nets. The 
theorems that are developed can be applied in many cases without the use 
of a digital computer to provide direction in the modification of a net. 
The computer can provide fast data to quantify the effect of any change 
to a communication net with respect to k-terminal reliability, as the 
results of the computer study indicate. 

The computer program can be modified by specialization to facilitate 
sensitivity studies for branch removal or branch addition. In so doing, 
the limitations on graph construction can be modified. Moreover, equa- 
tion (3.7) can be used in a computer program to study the 2-terminal 


reliability function alone. 
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APPENDIX I 
The digital computer program, as described in section (6) is 
presented as Appendix I. The programming language is FORTRAN IV and 


the program is suitable for use on the IBM System 360 computer complex. 
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APPENDIX II 
The problems solved in examples (3.1-3) and (4.5) are combined 
and solved by the digital computer program. The output of the running 


of the program is included as Appendix II. 
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